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Abstract. In the minds of most statisticians there are (at least } two mutually exclusive approaches to data
analysis. The "classical” or "frequentist” theory consist s of confidence intervals and hypothesis tests. And on
the other hand, "Bayesian” statistics, a mode of inference is based on Bayes' Theorem. The goal of statistical
inference is to extract and to report all available information about an unknown state of nature (parameter of

interest} €.

Two important actuarial problems can be successfully solved by the Bayesian approach. The first is the
general problem of model-based prediction and the second problem comes under the general name of
credibility.

The goal of this paper is to show that the successful applicaticn of credibility theory would improve the
ability of insurance companies to manage their financial systems with explicit risk components, also to show
that even by adopting the Bayesian view, it was clear that the credibility solution is the best linear
approximation to the Bayes sclution of using the posterior mean.

1. Introduction

Credibility theory is a collection of ideas and techniques for the systematic adjustment of
insurance premiums as claim experience is obtained. The need for these methods arose
in situations where data from group of contracts were scanty and hence inadequate for
providing reliable estimates of the risk premium {1, pp. 156-176]. In other words, the
claim frequency rate for a class of insurance business may lie anywhere between ( and
s, An insurer with a large experience may have quite an accurate estimate of the rate.
Nevertheless, it is an estimate and needs to be updated as further data come to hand.
Also, a new insurer in the market will have little or no data of his own upon which to
base the estimate of his claim frequency rate. The estimate will be rather uncertain
(based perhaps on industry statistics and certain subjective judgements), and it is
imperative that it be updated as soon as the insurer obtains reliable data. In either case,
Bayesian methods may be employed in the updating [2].

2. The General Approach of Credibility

Let us assume that we need to estimate a parameter ¢.. An G can be obtained using
only the individual data. It will, however, be unreliable if the individual daia are sparse.
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Alternatively, another estimate ¢, might be used, based on collateral data. Although the
collateral data may be extensive, not all of them may relate to exactly the same risk. A
trade off is needed between the two estimates ¢ and &, .

The credibility theorist assigns a credibility factor Z to the individual data. The
credibility factor Z is a number between 0 and 1, which is usually determined by both the
individual and collateral experiences. It is close to 1 when the individual data are
extensive and close to zero when they are sparse. A credibility estimate of the parameter
of interest & is then given by

(1~ Z)a, +Z§, (1)

3. Credibility Theory's Role in Practice

In order to place credibility theory in a proper perspective, it is useful to review the steps
in managing a financial system with explicit risk components [3, pp. 181-192]. The steps
in this process are exhibited in Table 1.

1. Selection of a risk model. This is by far the most important and most perplexing step.
Keeping Theil's admonition in mind, the actuary must humbly remember that he can
never capture reality in his models. On the other hand, only by the use of models can
he plane.

2. Obtain initial estimates of the parameters of the model. Tt is inconceivable that an
insurance system would be proposed without some prior feeling for the magnitude of
the parameters.

3. Use the model and the initial parameters to compute premiums and reserves. Also, a
second aspect of this step is to use the model to establish risk management policy
(selection standards, reinsurance policy, etc.)

4. Collect information on the operation of the system.

5. Analyze the information obtained with the objective of possibly modifying the basic
model. More likely the application of the new information will be in revising the
estimates of the parameters of the model. From the revised estimates, adjustments in
the price structure and the risk management strategy are possible. It is in this step
that credibility procedures play a key role.

4. A Simple Model

Let there be k classes of policy holders and let there be t observations from each
class. Let Xj; be the Jth observation from class i. Further assume that the probability
distribution of Xj; depends on a (possibly vector) parameter ©;.

Also assume that given the parameters @), @7, @, the observations are independent.
In practice the observations might be loss ratios from each class measured over t years or
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Table 1. Steps in the management of & risk process

Basic program Example in general insurance
Collactive risk
—> 1. Selecta model theory model
1
1
|
1 Y
|
' 2. Estimates the parameters of the Select number of cl._aim§ and
: model claims amount distributions
1
1
|
|
' 3. Use the model compute Compute premiums, reserves
| premiums, reserves and a —>|  and reinsurance policy
risk management strategy
4, Collect statistics on operation Collect number of claims and
resulls claims amount statistics
J4 v

5. Analyze the information collected Modify number of claims and

[ to modify the model, or revise || claims amount distribution

the parameters

might be actual losses from t individuals in each class. In either case we want to learn
about Xj (1. the next observation in class i.

The expected value is
E(X; 11 ) 9)) = m(©;) (2)

Our goal is to use the tk observations to obtain an estimate of this quantity.
4.1 Estimating the class mean

A logical first choice for an estimate of m (@) is

t
Xi = ZXIJ \ t (1)
i=1
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It is unbiased and enjoys the other standard properties of the sample mean [4]. With no
additional knowiedge it would be hard to do better.

Now suppose we know that the parameters O, &,, ... O, are independently
distributed among the k classes according to some probability distribution that depends
on a (possibly vector) parameter 1. There are two ways to think about this second level
distribution |5, pp. 58-61]. One view is that there is a real, but unseen, process that has
allocated these parameters to the classes. Learning about this allocation process is just
another estimation problem [6]. The other is that this second level distribution represents
our knowledge of the classes hefore collecting the observations. As long as the second
level distribution is the same these two approaches will lead to the same result. Those
who take the second approach, often call their analysis Bayesian, but this is correct only
if their knowledge is formulated before collecting the data. In other words, we can say,
the key point is that the classes are linked by the process that generated the class
parameters,

To improve the sample mean as a point estimate of the next observation, we need a
criterion for evaluating estimates. The measure of choice in the development of
credibitity theory has been mean squared error [7].

To make this precise, let X without a subscript stand for the entire collection of
observations and let & (X) be the estimate of m (©,) based on these ohservations, The
mean squared error of the estimate is

m s e [3(X))=EglEel8(X)-m(©;)1*}] @
where the expectation is taken over all possible values of 0;, 8,, ... O, andofX.

For 8(X)=X; the inner expectation is just the variance of the sample mean which is
one over t times the variance of a single observation,

Var (XU /@i)=s((9i) (5)
The mean squared error is then

which is a function of the second level parameter [t. This probiem is a classical Bayes
decision problem [8, pp. 15-40], and it is not difficult to see that the minimum mean
squared error is achieved by taking.

8(X)=Egy,[m(6;)/X] (7

the posterior mean of the quantity of interest. It will be a function of the data and of the
second level parameter {1 To evaluate this estimate we would not only nced to know this
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parameter, but also the form of the distribution of X;; and ;.
Now let
5.(X)=2 X +{1-Z)m (8)

Where

7 is a credibility factor assigned to the individual data.

and m : is our best guess at the average value from class i prior to having collected any
data and is a function of |, i.e. m=E g[m®;)]

The inner expectation for the mean squared error is
EA,@{ZEXE + ZZii[m —Zrnfm(@i]]
+{1-2Z)'m? +m(®i)2 -2(1-Z)m m(9;) }
=72 [s(@1 )i m(®,) |+ 22m(@)m-2zm - m(e,)] ©)
+{1-zP m +m(©;)" -2(1- Z)mm{©; )

- 225(9|)/[+(1—Z)2[m(®i]_m]2
Now let
S= Ee[s(ei)]
and V= Val’@[m(@i)] = {[m(@i) - m]Z}

:E@[m((ai)z]—m

then the outer expectation in (4) yields

2

ms e [SC(X)]=SZZH+(1—Z)2 v (10

Taking the derivative with respect to Z and setting it equal to zero yields
= v (1D

V+8/t
Inserting this back into (10) produces
3 s v/t

mse| dX)|=— 12
[ ( )] v+ s/t )
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Since both v and s must be non-negative the m s e is less than s/t which was the m s

e of the sample mean.

Conclusions

The above results represent the basics of modern credibility theory, and there are a

number of conclusions that can be drawn from them:

1.

(1]

[2]

[4

There are several schools of thought about credibility, if one strives to identify the
most comprehensive schools, two are easy to establish. The first is the class of
methods that initially requires fixing the size of an insurance experience to which
complete credibility will be attached for ratemaking purpose. Once this anchor is
tixed, the problem becomes that of establishing, in some reasonable fashion, partial
credibility weights which will be applied to smaller amount of insurance data. The
second school of thought might be described as the Bayesian school. Within this
school the expected claims for a group is viewed as being generated by a random
process that may not be completely known. Prior and collateral information about
expected claim is summarized in the form of a prior distribution. As the claims
experience unfold Bayes' Theorem is used to find the process generating the
parameters of the claim distribution.

In our simple model, when class to class relationships are added into the analysis, the
sample mean is no longer the best estimate,

The amount of weight to put on the sample mean is a function of v, s and t. As t
increases so does the weight. This reflects the increased reliability of the sample
from the class in question. As s increases the weight decreases. This reflects the
increased variability of the observations within a class, indicating the unreliability of
the sample mean. As v increases the weight increases. This reflects the increased
variability from one group mean to the next. As the other groups become more
unlike the group in question their contribution should be reduced.

The credibility solution is the best linear approximation to the Bayes solution of
using the posterior mean. The advantage of the linear approximation is that only the
first two moments of the two distributions need be known. The Bayes solution
requires that the complete distribution be known.
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