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Abstract. This paper is concerned with estimation of the shape parameter of the Weibull distribution
from small samples using one and two sided shortest confidence intervals based on the two quotient failure
times. This approach is a generalization of that of Ashour and Jones [1] they obtained a shortest one sided
confidence interval for the shape parameter based on two adjacent failure times.

1. Introduction

The Weibull distribution is an important model in the study of life testing experi-
ments. First suppose we have tg), t;), -ty then ordered life times from the two
parameter Weibull random variable T. The pdf and cdf of T are defined by

() = %th'] exp (—1°/8); 8,b>0,t>0,

and
F(t)=1—exp (—t"/8),

where, in this work 0 be the scale parameter and b is the unknown shape parameter
will be estimated. A random variable W = In T follows the extreme value distribution
with cdf

F(w) =1-exp|[-exp {(w-B}/d}].-» <W <o, (1.1)
where d = %— and B = In 0, are respectively the scale and location parameters of the
above extreme value distribution.
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Inference on the unkown parameters b or 8 = 1/b may be carried out using few
order statistics t;, and t;) (1 =1 <j=<n). Jaech [2] considered point and interval esti-
mation of b based on the ratio of t jyandt ), Bain [3] obtained an unbiased estimator
for b when there are only two failures, Mann [4] considered the estimation of the
Weibull shape parameter based on few order statistics, Murthy and Swartz [5] used
the distribution of the logarithm of the ratio of any two order statistics for the
unbiased estimator of b and testing hypotheses about b and Hassainian [6] consi-
dered the best linear unbiased estimator of & = 1/b based on two or three order statis-
tics. Procedures for point and interval estimation of b and & based on two or more
failures per lot are presented in Bain [7] and Engelhardt and Bain [8]. Ashour and
Jones [1] obtained the exact one sided shortest confidence interval for b based on the
ratio of t;, / ¢ ,, and Salem [9] pointed out the one sided confidence interval for b
based on the ratio i)/ tay, 1<i<j<n.

In this paper we will use a function of the ratio t(i) / t;j)» to construct one and two
sided shortest confidence interval for the shape parameter b.

It is required in this work to define the distribution of the ratio tay/ 1), i<j from

the joint probability density function of ti and t;). This joint density o tgy and t
after the transformation x = thandy =t is

f(x.y) = K[FGOI™ [F(y) = F() ! [1 - F(y)]™ f(x) (y); x<y

where

_ n!‘
k= ¢ - DG - i-DIn- )

Using F(t) and f(t) for the Weibull distribution and expanding by binomial theorem,
the quantities that are raised to (i-1) and (j-i-1) power, we obtain the Jjoint density of
xandy
kbz i1 Ji-l . , .
b - -
flx,y)= ra WYY e eml- 5 x "+ ') x<y
r=0 s=0

where

r+si; g J—i-1 A
C.=-1 ( )( J,azn—j+s+land

r 5

A=J-i+r-5
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Using the transformation Z = x/y, we find, from Mood, Graybill and Boes [10] the
pdf of Z as

f(z)=_[ |y|f(zy.y) &

b
y2b - exp{ y_G (a+ Azb)} dy

2 i-1 J-i-1
:Lt,z Zb-l 2 z CYJ
6 r=0 s=0

S —

i-1 J—é-1

-2
k2" 'Y Y ¢ a7 (p+e?) (1.2)

r=0 s=0
where

p:Za, b>1 and 0<z<1

When b = 1, (1.2) reduced to the pdf of the quotient of the ith and jth order
statistics from the one parameter exponential distribution.

The pdf (1.2) was obtained also by Malik and Trudel [11] but they used the Mel-
lin transform technique.

2. The Shortest Confidence Interval

Let U = —bln Z, the pdf of U is obtained from (1.3) as

i-1 j-i-1

fw=kY 3 c atep-w{pren-wl . w>0 (21

r=9 s=0

The m-th non-central moment of U is given by

i-1 j-i-l v

wo-kY Y c, s
r=0 5s=0

1.
(-1 F(m+"11), m=1,2,3..
aico Pt (A+ 1)

Especially form = 1,2, we have
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i-1 j-i-1

o A
Ew=ky ¥ ¢ a4’ Pty D
r=0 s=0 i-0 P 1)

i-1 j-i=1
Y Y ¢, 4 p—lln{pLIJ

r=90 =0
and

( i-1 j-i-1 = ( )"‘
2 -2 -1

£(d?) =2k C,A*pty —=2

E{) sz=n " P 3;0 A+l '
" A+ 1)

i-1 J-i-l 1 oo

B -2 2| P+ 1

N5 Sy RICT N
r=l s=0 i=i A (p+1)

The probability statement P, { uy<u<u, } = 1 - = isconverted to P {Q<b<qQ,}

= 1 -, where Q, and Q, are the lower and upper limits of b with confidence level
(1-) and 0< = <,

The technique of finding a two sided shortest confidence interval reduced to sol-
ving the following two equations simultaneously, (see Guenther [12] and Akhlaghi
and Parsian [13]). :

Fy (%) = Fu (#)
and e

j fluy du=1- ¢

%6

where f(.) defined by (2.1)

Now the two sided shortest confidence interval for bis { uy/-1nz, u,/-1nz } where
u, and v, are obtained as solution of

i-1 j-i=) eXP (k) CXp(— #)

S Y e, - ;
[orom(-u)}  {promc )}

=0 (2-2

r=20

and
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i-1 j-i-1

[exp (— uy) —exp (- uy] 20 > c, A"

[{prew(-my{prom(-u)}] =5

Note that, Jaech [3] obtained an equal tail confidence interval for b based on the
ratio t(Z)h(l)'

The point estimator of b is obtained by Murthy and Swartz [5] as

b uB (i,j.n (2.3)
where
B(i,j,n):blE(u)
Note that
E(8) = b,
and )
E (?) .
var(bA)=B2(i,j,n)var(u)=bz[——;——ll (2-4)
E (u)

The best combination for (i,j) will be chosen according to the maximum value of
the relative efficiency function defined by Murthy and Swartz [6] as

A 0. 6079
g (p )= 20007
7 () ¢ (i, j.n’

where

¢(i,j,n)= n,var (bA) /bz.

and 0.6079 be Cramer-Rao lower bound found by Menon {14]. Values of Eff(6) and
best of (i,j) for different values of n are obtained by Murthty and Swartz [6] and these
are shown in Table 1.

Best (i,j) are used to calculate the lower and upper bound for b, (Q,, Q,} and
these are checked for n = 2 (1) 25 and o = 0.10, 0.05 and 0.01.

Using the fact that (2.1} is strictly decreasing function of u in the interval (0, «),
the shortest one sided confidence interval for b may be obtained by finding u* such
that
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p,{u<u'}=j fw)du=1- «
0

After some simplification, u* is obtained as solution of

i-1 j=i-l

{i-ep -0}y Y C,,A_zf(p+1){p+exp(-u‘)}]_ l=];0’(2.5)
r=9 :=0

Since the LHS of (2.5) is an increasing function of u*, then it has only one real
positive root, u*, in interval {0, « }. This gives the one sided shortest confidence
interval for b as {0, u*/-1 nz}.

Note that (2.5) is a special case from (2.2) when u,=0and u, = u*

Best (i,j) are used also to calculate the upper bound of b, u* and these are
checked for different value of n and &. Values of ug, U, and u* are tabulated in Table
2 for the best choice of (i,j) from different values of n and .

Point estimates of b according to (2.3) are calculated and compared with the
estimates of b arising from (i) the maximum likelihood method and (ii) one and two
sided shortest confidence intervals. These calculations are shown in Table 3 for some
values of n.

3. Some Special Cases

a) Settingi = 1 and j = 2, the following results are obtained
g 1
(i) f(u) = n(n-1) exp(-u)/{n-1+exp (-u)}2, u>0

A —
which is the exact pdf. of u = b/b =~t~;l~1— obtained by Bain [4].
nz

Note that Jaech [3] used the inverse of the ratio to)/t1) as a point estimator for b.
(ii) v, and u, are given as solution of

u, = —[21n(n— D+ “1]’
and
i-

) eXp(- 1)

2a=DU=9 (o (1-152) expguy - (14

@i )u'=In [%L 0, for any o and n.
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(b) Settingi = 1 andj = n, the following results are obtained

| -2
2= 1) exp(-
(nfmwwu—DZ( ?——Pmlnh%?Twmvw}m>0
{(n-s5s-1 ‘

(ii) uy and u, are given as solution of
n—-2 ¥

2 (:_2] _ =0 [exp(— i) {a—*—— +exp (- i )}_ ~ OXp (= 4

5= 0 (n~s—l)

[t vome ) oo

{oxp( - ) - xp(- )} Z ()

(n-s-1)

{5220 v H 22t wome )} - o

(i) u* is given as solution of

{l—exp( u)} 2 (n_ )

and

5 -1
(-1 [ s+1 _'] _ l-a
(n— D n~s—1+exP( u’) T oaln-1°

(c) Finally, settingi = 1andj =i + 1, the following results are obtained

i-1 -2
(i) f(u)=(‘_i]) Z’O(l:l](r_:)l) exp(— ”)[r+l +exp(—u)] ,u>0

(it) The values of u, and u, are given as solution of

i—-

El [i:l] (- l)r2 [exp(—_ “o)(:;il +exp (- uo))_z = exp( - u)

r=10 (r+1)

{2 comny) -0
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and

{exp (- ) — exp (= )} Z () {2t s e -y}

(r+1)
{5

a
(i} u* is obtained as solution of

; -1 1=
i +exp(—u1) }J (- 1

-1

n—1 . - o
(2=t ap )] =15a

{1 -exp(- ")} 'z_"l o v (i:l)

Din-i+r+1)

i-1

4. Numerical Example

As an illustrative of the use of the above results, consider a simulated life test on
25 components from a Weibull population with shape parameter b = 2.0. The
observed failure times are as follows:

5.6787, 9.2687, 12.3363, 17.2963, 18.4013, 25.7988,
29.2903, 35.6573, 36.4914, 37.7244, 42.3065, 48.1906,
49.1258,  51.5104, 55.6767, 57.9729, 609938, 62.1711,
63.7520, 66.6626, 69.8409, 77.6757, 877077, 88.2826,
92.5132.

These simulated failure times can be used to calculate the point estimates of b
according to (2.3) for the best combination of (i,j) and different values of n. The
optimum choices of (i,j) for n = 2 (1) 25 are shown in Table (1) and the results are
listed in Tables 1 and 2.

For comparison, the MLE and the Murthy and Swartz [6] (2.3) formula for
estimating b are listed in Table (3) with corresponding one and two sided shortest
confidence intervals.

If (2.4) were applied to the simulated data, using the fifth and last observation,
then the standard deviation of b is 0.373. Assuming normality of b , the approximate
0%, 95% and 99% two sided confidence interval for b are respectively given as
(0.538,1.762), (0.419, 1.880) and (0.188, 2.112). Also the approximate upper 90%,
95% and 0.99% limit for b are respectively 1.665, 1.761 and 2.015.
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Table 1. Optimum Choice of (i.j)

A A
Sample (i) B(i,j.n) Eff(b) sample (i.j) B{i.j,m) Eff(b)
size n factor sizen factor
2 1,2 1.442 0.43 14 3,14 0.728 0.69
3 1,3 0.962 0.55 15 3,15 0.702 (.69
4 1,4 0.788 0.59 16 3,16 0.682 0.69
5 15 0.696 0.59 17 4,17 0,754 0.69
6 2,6 0.956 0.60 18 4,18 0.732 0.70
7 2.7 0.874 0.62 19 4,19 0.712 0.70
8 28 0.804 0.63 20 4,20 0.6%4 0.70
9 2,9 0.750 0.65 21 4,21 0.680 0.70
10 2,10 0.710 (.65 22 4,22 (.664 0.70
11 3,11 0.834 0.66 23 5,23 0.714 0.70
12 3,12 0.792 0.67 24 5,24 0.700 0.70
13 3,13 0.756 0.68 25 5,25 0.686 0.70

Values of v, u, and u* are calculated using IMSL subroutines for the best (i,j} and n=2 (1) 25. These
values are shown in Table 2.

Table2.  Values of n, u, u* which may be used to find a one and two sided shortest confidence interval

for b with a=0.19, 0.5,0.01

o=>0.10 a=0.05 a=0.01

u u*

* *
ua u u, u L] “l! 1

1

2 -0.970 0.970 2.944 -1.033 1.033 3.664 -1.085 1.085 5.293
3 0.130 1.572 3.146 0.126 1.638 4.136 0.120 1.7110 6.115
4 0.115 1.380 4.163 0.110 1.443 5.088 0.105 1.521 6.652
5 0.166 1.592 4.880 0.143 1.859 5.476 0.138 1.890 7.039
6 0.135 1.420 4.048 0.121 1.895 5710 0.116 1.899 7.336
7 0.145 1.741 5.759 0.139 2.085 6.006 0.134 2.161 7.574
8 0.258 2.064 5.561 0.243 2.216 6.204 0.238 2.351 7.7719

9 0.256 2.048 5915 0240  2.248 6.373 0.240 2.384 7.937
10 0.245 1.966 6.016 0.240  2.880 6.520 0.239 2.910 8.087
11 0.331 2.648 6.116 0.328 3.068 6.625 0.315 3.166 8.226
12 0.331 2.648 6.225 0.328 3.280 6.777 0.314  3.295 837
13 0.337 2.696 6.178 0.329 3.295 6.875 0.321 3.320 £.405
14 0.341 2.728 6.113 0.330 3.461 6.154 0.321 3.481 8.151
15 0.355 2.840 5.140 0.344 3.578 7.157 0.338 3.662 8.158
16 0.365 2.920 5.650 0.361 3.668 6.150 0.356 3.768 7.144
17 0.394 3.152 5.780 0.385 3.961 6.166 0.378 3.995 7.150
18 0.405 3.240 4.161 0.398 3.966 5.956 0.371 4,011 6.153
19 0.406 3.248 5.153 0.401 3.980 6.134 0.388 4.120 8.163
20 0.399 3192 5.798 0.397 3.989 6.819 0.370 4.131 7.819
21 0.392 3.136 6.162 0.389 4.005 7.640 0.367 4211 9.290
22 0.397 3.167 6.734 0390  4.108 6.960 0370  4.245 9.346
23 0.702 3.510 7.150 0.611 4.211 8.140 0.595 4.312 9.341
24 0.689 3.445 6.175 0.601 4.316 7.130 0.581 4.329 9.135

25 1.004 3.989 6.117 0.998 4.634 6.143 0.886  4.995 9.143
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