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Abstract, In this article we discuss the problem of cstimating the parameters of the doubly truncated Burr
distribution when truncation points are unknown. The estimation is based on type [1 censored dala. Maximum
likelihoed estimalors and approximate estimator of the variance-covariance malrix are derived.

1. Introduction

Truncated distributions arise when sample selection and for observation is not possible m
some subregion of the sample space. This can occur as a consequence of actual
elimination of part of the original data.

Charernkavanich and Cohen [1] discussed this problem for complete samples with
a variety of estimation problems involving truncated normai. gamma, Weibull,
lognormal and various other truncated distributions. Bain and Weeks {2], and Deemer
and Votaw [3] gave the main results in the case of truncated exponential distribution
using censored data; Shalaby [4], and Al-Yousef [5,0] have discussed the problem in the
case of Weibull, Gompertz and logistic distributions.

The present study is concerned with a Burr distribution that is doubly truncated at
unknown truncation points with censored type Il data. The truncation points then
become additional parameters which must be estimated from sample data along with the
primary distribution parameters.

2. The Burr Distribution

The Burr distribution was first introduced in the literature by Burr {7]. Burr and Ceslak
[8], and Burr {9] have shown that if one chooses the parameters appropriately,
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the Burr distrioution covers a large portion of the curve shape characteristics of type [,
IV, VL the Pearson family of distributions. Thus the use of the Burr distribution as a

faluu mwodel 15 appropriate and usefut in applied statistics, specially in survival analysis
and acteanai studies,

1

G prabebility density function (p.d.f) of this distribution can be written as:
f(x:r,s)frsxsfi(] pxt) Ul (2.1)

for:G= x<ey 0,5 > 00 olhcrwise\}

The corresponding cumulative distribution function (c.d ) is:

Flsirs)=1~(l+x”)y " v 20 (2.2)

The mth momentof thisdistribution exists for m < rs, and we have :
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3. Doubly Truncated Bure Disiribution

Whaen the distribution with p d7(201) 15 doubiy truiated over the interval |a b ibe
sosulting truneated distribution becomes:

frixa,bors) =f(x:r,s)F(b;r,s)— F{a;r,s)] : (3.h

fora £ x £ b(0 otherwise). And it follows from{2.1Yand (2.2} that ;
1o < 3.7
frixia,b.ros) =rs{u—v} Loyt (3.2)

fora < x < b ;zeroelsewhere. Where:

u=(l+a’y 7’ and v={!+b") " (5.3)



Estimation tn a Doubly 3

Supposc that a sample of size n with failure time distribution given by (3.2) has been
subjected to life testing and that the test is terminated at the time that the k th farlure becomes
available and k1. The likelihood function of this type of censoring is given hy:

k.. _ _ -
L(Xy, X3, Xp18,0,0.8) = rksk(u -v)" I yf’ l(1+yjs) (I+I)[(1+yk5) T ,

il (3.4)

where: y; = xj the jth order statistic in a random sample of size .

3.1.Maximum likelihood estimation (M.L.E.)
On taking logarithms of (3.4) and diffcrentiating we have:
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The function (3.4) attains ils maxinmn vatue when ¢ is as large as possible. Since
a < x;we then have & = Y 3.6

where Y, is the smallest sample observation; i.e. Yy is the first order statistic in a random
sample of size n. Estimators for b, r and s follow as solutions of equations:
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. ayr N -2 -F
where:u =11+ y, and ¥ =1+b
The solution of the set of equattons given in (3.7) can be obtained using iterative
techniques for solving a system of simultancous non-linear equations in three
unknowns.
3.2 Sampling errors

The p.d.f. of the j th order statistic in random sample of size n from the truncated
distribution (3.2) is:

g(yjsa.b.r,s)= rSj(?](“ =) My )Ty Ty

(1+YJ'S)_(HU (3.8}

asy;<b ,zeroelsewhere.

if j =1, the p.d.f. of the first order statistic may be obtained as:

g(y] ;a,b,1,5) = rsn{u — v)fn [+ y]s )—r B v]n—l Y15_1 (1+ Yls )—(Hl} (3.9)
it can be shown that
E(Ylj) =L, (3.10)
where:
u 7‘1 J 1
Ly=n(u—-v) " [(tT =D (t-v)" dt (3.11)
A4
The variance of the M.L.E.{3.6} can be found as:
(3.12)

V(a)=L,~L?



Listimation in a Doubly Truncated . .

The asymptotic variance — covariance matrix of M.L.E. of b.tand § can be expressed as:

V(b i,3) = [Z] =123

where

The exact expressions for the expectations in the above matrix are ditficult to
obtain, However an approximate estimate for variance-covariance masrix can be
ohtained using the approximation of Cohen {10], namely;

ZH :[__62 InL

) ]b:k‘J"]':?',s:éAufyl Shér S=b.r—Ts=fasy)

oy

5 &7 InL

[H [_ Fhés ]h:b‘l’=f',5LS.ﬁ*yl
~2

7 =[- g InL

2 'lb:B,l:f’,b“—é,'l*‘ :
ar i

7. :{_c;rlnL} .
23 Drils  bobr=rssia=y

) o2
733 =|- Aok

- b=b.r=f.s=5.a-v
as? e

These approximations are derived to be:

(RS

B e St (A SRR T TR (N [ RIS R I

5

{(l +ykg )7- m(l +yk§ )_ . ]n(} § Bg){

|
|
|
|




6 MLH. Al-Yousel

N T A ]J(“_k{(]'*)/kg)_f(Hyk5)] Inyk—{r(ut}5)11n5}[(1+yk7*)}_{}2
Ziy=t7svh’ (]+b_”y

I —n[&(l sy iy, —o(1+if*]" InB}(ﬁfﬁ)’z
Ty o kF_Z—n(fl {*)'2[\?]n(l+5§)—ﬁln(l+y|;)r+n(ﬁf\7‘)7][1]1n2(1+y|‘§)7€h12(l+Eé)]+
(n- k“H Yk Tf —i}z[\“’ln(lﬂn)g)(l + yﬁ)ﬁf In(]+ yk;)J —(n -k{(l-o—ykg) " @:|

{(‘I+yk'_) lhr(nyk“) #1n? (1+b )}

———

2_‘-3 =nii - \“’)_1{\7(1 +b ;}l[l—fln(l -<-B§)]ln b- fJ(H )‘,%Tl [I —?In(l-* yf]]ln ¥ }*ﬂ]?(ﬁ : {-')72.
[Ii'(lﬁ-f)';)'! inB—ﬂ(Hy]*STi Iny,j[%ln(l +b ) uin] by ] {n— k{l by ‘-; —i'__‘
i {’(I . 1;7';)71{1 f’\r](l+6;)]lllb 3’!\ I—t—yk ° [l rln ]]IHLJ P{n -k

!Hu W \'W?Lcr(zm ‘) Inb (1.“ | eyt mv,\J{.L\ 1(l+b ) (+y]\ T In(! i w)
- %(1 Ly; ‘) ] hiy,

-2

r N - 3] - e
Zi=ki nf‘l(fl--\-')_zi\?(! + 'n"”:' n b—ﬁ(]+y]7”T n y,J -ni{i-v)
[

{Lﬂl}’gg([—}_‘léli --y[g‘]_z In” v, —{‘Bg(I—B§II+l;§)>2 Inzﬂ*(n—k)fzz(l+yk§yf—{J_Z
\ ) ) . -]

{\ +l3 5) inh- (l+ykér(l+yk75)rl ]“”1 +{n- k}{(+\k T \AJ .

{(]-1 vy ]_ Y1 (] Vi IH‘YR T n’ Yy — b (I b® } L b y In b]

(-

P2
) (+,é / lnzyj

1




Estimation in a Doubly 7
4. 1llpstrative Example

The practical application of estimators resulting in this work are illustrated with
simulated data from the doubly truncated Burr distribution in which: @=5,A=20.r=1and

§=2.
The individual observations for a random samplc of size 49) are listed in Table 1.

Table 1. A random sample of 40 observations from

fr{x,a.b,r,s)=f{x,5,20,1.2}

7.64 8.98 520 625 5.65 7.08 549 809
5.57 15.50 7.44 513 5.06 6.50 7.85 7.25
10.66 527 8.67 574 1.92 5.41 6.92 1915
0.37 583 9.29 9.68 8.37 6.04 5.3 14.11
678 6.14 11.23 17.26 s34 1280 1015 603

Estimators calculations for the casc of complete sample and the case of censored
sample when k=30 are summarized in Table 2. We note that from our data, the
covariance between these estimators are very small (less than 0.001), which indicate that
the estimators introduced in this work can be approximated by the normal distribution.
The asymptotic confidence intervals (c.i) for the actual parameters are calculated and
given in Table 2.

Table 2. Estimators from doubly truncated Burr distribution

Case: Complete sample Censored sample k=30
Eofa 5.00 306
Vofa 3.68k-2 65361
Q5% ¢ [4.94,5.18] [3.48.0.64]
Eof'h 1615 1#.19
V.ofb B.53k-1 O 58k-1
Q5% ¢ [17.34,20.90] [10.27.20011]
E.olr 0.97504 102477
Voaolr 2.30E-3 254k-2
Q53%0¢.1. [0.88.1.07] [0.66,1 39]
E.ofy 195183 1.83942
Vots 176E-2 5302
95% ¢ 1. [1.57.2.33] [1.39.2.29]

It is of interest to note the following special cases:

CIf'h — e, we have the case of left truncated Burr distribution.

- 1I'a=0. we have the case of right truncated Buir distribution

- If k=n, we have the problem of estimation for complete sample

- The likelihood function when the parent distribution is two paranietas Burecan he oblained us ospecial

case from (33 i w—1 and v 0.
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