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Abstract. In this article we discuss the problem of estimating the parameters cf the doubly truncated logistic
disteibution when truncation peints are unknown. The parameters of the distribution and the truncation points
will be estimated using the method of maximum likelihood estimation. Asymptotic sampling errors of estimates
have been carried out. Finally a numerical example is given to illustrate the results.

Introduction

Truncated distributions arise when sample selection and / or observation is not possible
in some sub-region of the sample space. This can cccur as a consequence of actual
climination of part of the original data .

Charernkavanich and Cohen [1] discussed this problem for complete samples with a
variety of estimation problems involving truncated normal, gamma, Weibull, lognormal
and varicus other truncated distributions. Bain and Weeks [2], and Deemer and Votaw
{3] gave the main results in the case of truncated exponential distribution using censored
data, Shalaby {4} and Al Yousef [5] have discussed the problem in the case of Weibull
and Gompertz distributions .
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The present study is concerned with a logistic distribution that is doubly truncated at
unknown truncation poinis. The truncation points then become additional parameters
which must be estimated from sample data along with the primary distribution parameters.

The Logistic Distribution
The logistic distribution is an appropriate model for the distribution of titne - to -
failure of creatures or systems with increasing hazard rate. Bennett [6] has used (his model
in his studies and Johnson and Johnson [7, p.63] have shown that the logistic distribution
is used in survival analysis.
The probability density function (p.d.f) of this distribution can be written as:
f(x;a,b) =bexp(a-bx) [1l+exp(a-bx)]* 2.0
for -ea < x < ==, b>0. The corresponding cumulative distribution function {c.d.i) is:
F(x;a,b) = [I+exp(a-bx)]! (2.2)
* and the characteristie function is:

-l
L . t .
L{n—s 1
o()=2T o) _ i) =0

d(h=1 (2.3)

The mean ili and the variance 3 of this distribution are
LA ! ! 2
Hp=, andp =lg —Hj" =—
b 32

The distribution of X 15 symmetrical about the mean and all odd central moments are
equal to zero. The even central moments can be obtained using the following equation.

Moy =202k )b 2K -2 29K 2.4)

< -2
wiicre (7)) = Z K is the Riemann - Zeta function |8, p. 10731.
k=I

The shape tactors o, and &, are obtained as:

oy =pa/pd? =0and oy =pg/pd-3-12
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Doubly Trucated Logistic Distribution

When the distibution with p.d.f. (2.1) is doubly truncated over the interval [ ¢, t,,], the
resulting truncated distribution becomes

frixity.ip,a,by=1(x;a,b).[F(ty;a,b) - F(t;;a, b)]"] (3.0

for 1) £ x £ty (0 otherwise ). And il follows from (2.1) and (2.2) that

fp(x;ty,t5,a,b) = b(v—u)fl exp(a—bx)[l Jrf:xp(ambx)]f2 {3.2)

for 11 £x £ty, zero elsewhere . where

u=[1+exp(a—bt;)] ™' and v=[I+cxp(a —bty)]”! (33)

The likelihood function of a random sample of size n from a truncated distribution with
p.d.f. (3.2) becomes

n
L(X|. Xty b) =bn(v—u)““chp(a—bx_j)[l+exp(a—i)xj)J—2 (3.4)
=
Maximum Likelihood Estimation {MLE)

On taking logarithms ot (3.4) and differentiating we have

361]72]4 =nbu(l —u)/(v—u)

%{1} =—nbv(1-v)/(v—u)

ML _ g+ %[l—exp(abx PIll+exp@ b

.a% :n/b‘n[v(l-JV)tz —u(l—w) j/v—u)-

jn% x {1 ~expa—bx;)][l +expa—bx, ) (33)

The function (3.4} attains its maximum value when {, is as large as possible and , is
as small as possible.
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Since 1 £x £ty we then have
ty=yjand i) =y, (36)

where y, is the smallest sample observation and y_ is the largest sample observation; i .e.
y, is the first order statistic and y _is the n th order statistic in a random sample of size n.
Estimators for a and b foltow as solutions of equations:

n
n(l—i—9)+ D [1-exp(@—bx ][I+ exp(d~bx )] ' =0 37
=1
n/b—n[(1- )y, —d1-1d)y, 1AV 1) -
n
zxj[l —exp(ﬁ—ﬁxj)][1+exp(é - I;n(j)]_l =0
=
where: =]l +exp(ﬁ—f)y1 ! and

¥ =[1+exp(a—by, N7

The solution of the set of equations given in (3.7) can be obtained using iterative techniques
for solving a pair of simultaneous non-linear equations in two unknowns.

Sampling errors
The p.d.f of the r th order statistic in random sample ot size n from the truncated
distribution (3.2) is

gyt ty,a,by= br('r] }v —w ™" {[L+expa—by )] —up . (3.8)

n--r

{v—[l+expla- byr)]_I P expla—by [l +exp(a - hyl.)_T2

1) =y, £to, zeroelsewhere,

it r=1and n, the p.d.f. of the first and last order statistic may be obtained respectively as

g(yyit.t,a,by=bn(v—w) " {v—[l+expa— byl)]*I =t 3.9)
exp(a—byl+exp(a —byl)}_2

and
g(ypitp tp,a,b) =bn(v—u) " {[1+exp(a—by, )] —u} . 310

expla ~ by, {1 +exp(a by )17

it can be shown that the first two moments of (3.9) and (3.10) are
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B(Y;)=2+3),E(Y, )_d_ 2]3‘111“2

and
E(Yn)"' +L1,E(Y )— 2dL1+L2
b2
where
v r
Jo=nb Tv-u)™" j(v—z)n_l[ln(—l-%z ﬂ dzir=12
u
and

A\
L,=nb"(v—uw)™" J‘(z—u}“_{ln(1

u

The variance of the MLE {3.6) can be found as

Vi) =1, -1%
and

V(ip)=Ly-17

1 .
2 ﬂ dz;r=1,2
-7

@1n

(I

EYE))

G14)

als)

(2l6)

The asymptotic variance - covariance matrix of the MLE of 4 and b can be expressed as

V(@b =1Z) i j=12

- 2
where: 7y = _E[Q _]%LJ

da

o o _ ul3%InL
“2=to = L{ Fadb }

2
Zzzsz d igL
db

G

The exact expressions for the expectations in the above matrix arc difficult to oblain.
However an approximate estimale for variance - covariance matrix can be obtained using

the approximation of Cohen [91, namely:
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lez_m.
da? X
a=ab=b

7 __azlnL
127" Jadb A
a=a,b=b

7 :_lenL

ob?
a=Aib=b

These approximations arc derived to be:

On inverting the matrix (3.17), it follows that

1]
Zy = —a[i(l— ﬁ)+0(1-0)}+zzexp(a- bx /{1 +exp(d - bx )]
=l

n
Zyz =l - By +9(1-9)yy -2 xjexp(d—bx ;) /11 +expa - bx )12
=1
Zoy = (n/bF /D) 4G -N1-20)yE - 80 -0 -20)y 2 (o -iy— O

n{¥{ =V)y, ~u(l-1)y; o —ip* + Zi ij exp(d — Bx.i)/“ +exp(d— ij)]2
j=1
On inverting the matrix (3.17), it follows that
V(@) =Zyy (21203~ 7))
V(b) =2y A(Z) 122 — Z7,) 319
cov(d, by =~Z1 AZy1Z —2122)

IHustrative example

The practical application of estimators resulting in this work are illustrated with
simulated data from the doubly truncated logistic distribution. The numerical techniques
and iteration processes of IMSL routines arc used. In this example we have a random
sample consisting of 20 observations from a doubly truncated logistic population in
which t =10, ,=50, a=1.8 and b=0.06. The individual observations are listed in Table 1, for
this sample n=20, X=30, $=10.4; y,=11.6 andy =48.4. For the simulated data of Table [,
MLE’s and asymptotic variances are calculated and summarized in Table 2.
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Table 1. A random sampte of 20 obsevations from I, (x3t,t,,a,h) = f(x;10,50,1.8,0.06)

45.7 48.4 3z.4 18.8 20.8
41.2 357 14.3 29.2 1.6
39.2 26.0 243 27.6 16.7
34.0 37.4 22.6 43.3 30.8

Table 2. Estimates from doubly truncated logistic distribution

Parameter MLE Asymptotic variance
t, 11.6 7513412
t, 48 .4 7113412
a 1.462741 0.941550
b 0.048758 0.009518

Tt is of interest to note the following special cases:

(1)

(if)

if t,~»—eo , the doubly truncated logistic distribution reduces to the right truncated
logistic distribution,
if 1,— +eo , the doubly truncated logistic distribution reducces to the left truncated
logistic distribution.

(iii)  the likelihood function when the parent distribution is the two parameters logistic

[

133
[4]
(5]
(6]
7]
18]

(0]

can be obtained as a special case from (3.4) il v=1and u={.
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